A VARIATIONAL APPROACH TO THE NONLINEAR HELMHOLTZ 
EQUATION WITH LOCAL NONLINEARITY 



GILLES EVEQUOZ AND TOBIAS WETH 

Abstract. In this paper, we study real solutions of the nonlinear Helmholtz equation 

-Au- k^u = f(x,u), x&R^ 
satisfying the asymptotic conditions 

n(a;) = Od^l 2 ) and \x\ 2 l——(^x) + k u(x)j^O as r = — J- 00. 

We develop the variational framework to prove the existence of nontrivial solutions for 
compactly supported nonlinearities without any symmetry assumptions. In addition we 
consider the radial case, in which, for a larger class of nonlinearities, infinitely many solu- 
tions are shown to exist. Our results give rise to the existence of standing wave solutions 
of corresponding nonlinear Klein-Gordon equations with arbitrarily large frequency. 



1. Introduction 

The study of the existence and quahtative properties of solutions to nonhnear wave equa- 
tions 

(1) ^it,x)-A^it,x)+Vix)^it,x)=f{x,^it,x)), (t,x)eMxM^, 

goes back to the sixties, see e.g. the classical paper by Jorgens fT51. Since then, many authors 
have been investigating various aspects of this problem, including the question of existence 
and orbital stability of standing wave (or solitary wave) solutions. These solutions are given 
by the ansatz 

(2) i}{t,x) ^ e"^Ui{x), ueR. 

Taking for example a nonlinearity of the form f{x,%})) — g{x, |V'P)V'j see that such a V' 
solves ([1]) if and only if u solves the reduced wave equation 

(3) - /^u + V{x)u-uj'^u^ f{x,u), xeM^. 

Note that, due to the presence of the linear potential V , it is natural to consider nonlinearities 
/ satisfying duf(x,Q) = on M.^ . In this case, in almost all of the available literature it 
is assumed that is not contained in the essential spectrum of the Schrodinger operator 
—A + V. We refer the reader to the surveys and monographs [31 |H1 UHl [23 HSl 133 and the 
references therein for results in this case. In the special case where = Vb is a constant, 
this restriction amounts to assuming Vq > > 0. Some authors have also considered the 
limiting case where coincides with the infimum or another boundary point of the essential 
spectrum of V, see e.g. [15] for a survey of classical results and [Ij [21 [31 [6l [U [HI [221 [31] 
for more recent work in this case. On the contrary, very little seems to be known if is 
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contained in the interior of the essential spectrum of V. In the present paper, we consider 



this situation in the special case V = 
at the nonlinear Helmholtz equation 



Vq and u} > Vq, so by setting — uj^ — Vq we arrive 



(4) 



Au — k^u = f{x, u), 



with k > 0. It seems not clear a priori in which space one should approach this problem and 
if variational methods can be used. In the present paper, we provide first results in the case 
where / is supported in a bounded subset of R^, i.e. / vanishes on [M^ \ B^j] x K for i? > 
sufficiently large. Here Bn C M.^ denotes the open ball centered at with radius R. Note 
that in this case no solution of (HJ exists in the spaces L^(R'^) and D^''^{'R^) (see e.g. [14]). 
Nevertheless, this restriction on / allows us to work with the Dirichlet to Neumann map for 
the exterior problem for the linear Helmholtz equation Au + k'^u = on M.^ \ Br together 
with a suitable asymptotic condition on u. To explain this more precisely, let us suppose for 
a moment that the nonlinearity f{x,u) is replaced by an inhomogeneous source term f{x) 
supported in Bfj. In this case, a well-studied problem is to analyze the far field expansion of 
the solution of (jj]) under the the Sommerfeld (or outgoing) radiation condition 



(5) 



— (x) 



iku(x) 







as r 



\x\ — > oo. 



This condition has been introduced in Sommerfeld's classical work where its physical 
significance is discussed in comparison with other asymptotic conditions. In this context, 
^ is enforced to study outgoing waves excited by the source term f{x). Moreover, by a 
well-known result (which goes back to Rellich |2I]), for given sufficiently regular Dirichlet 
boundary data on Sr := dB^ there exists a unique solution of A-u -I- fc^u = in \ B^ 
satisfying ([5]). Furthermore, the corresponding Dirichlet to Neumann map T/j on 5'_r, also 
called the capacity operator (see |19)). is well understood and can be computed explicitly in 
terms of spherical harmonics, see Section |6] below. This operator assigns to a given boundary 
datum on Sr the normal derivative of the corresponding unique solution Au -I- fc^it = in 
'^^\Bu satisfying ([5]). In the present paper, we focus on standing wave solutions which — as 
explained in [23, pp. 328-329] — can be produced by superposing an outgoing wave and an 
incoming wave having opposite frequency. Technically, this will be realized by considering real 
functions and working with the real part Kr of Tr, which amounts to studying (j4]) together 
with the asymptotic conditions 



(6) u{x) = 0{\x\' 



and 



— (x) 
dr^ ^ ' 



k'^u{x) 



0, 



as r 



We note that on one hand, the restriction that / vanishes outside of Br is convenient since it 
allows us to formulate problem ((4]) , (jG)) as a variational problem in H^{Bji) using the operator 
Kr. On the other hand, we shall see that the vanishing of / will create additional difficulties 
in the proof of Cerami's condition which is needed to show the existence of critical points of 
the corresponding functional. 

To state our results, we need to introduce further notation and to state our assumptions. 
Let 2* denote the critical Sobolev exponent, i.e. 2* := 2N/{N - 2) if > 3 and 2* := oo 
if TV = 1,2. For our main result, we shall suppose that the nonlinearity / : 
continuous, and that there exists a bounded set C 
following holds: 

(/o) fix, u) for x e \ f], u e R. 



IS 



of positive measure such that the 
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(/i) There exists a > 0, p £ (2,2*) such that |/(x,it)| < a(l + \u\p-^) for every x € M^, 
u€R. 

(/2) fix,u) — o{\u\) uniformly in x as u 0. 

(/a) F{x,u) > for every a; G R^, u G M, and F{x,u)/v? — ^ c» as |m| — ^ cxi for every 

a; e ri. 

(/4) There exists sq > such that for every a; G we have f{x, — sq) < < f{x, so), and 

the map u is nondecreasing on (so,oo) and on (— oo,— sq). 

Here we set F{x^ u) — J^" /(a;, s) ds for a; G M^, u G R. We point out that nonhnearities of 
the type 

f(x,u)^q{x)\u\P'^u or f{x,u)^q{x)ulog{l + \u\''), s > 0, 

satisfy these assumptions if q is continuous and g > on 51, g = on \ il. Moreover, if 
/ satisfies (/o)"(/4) and g : x M — >■ [0,oo) is continuous, vanishes outside of a bounded 
subset of X [0, oo) and satisfies (/2), then the sum f + g also satisfies (/o)-(/4)- 
Our main result is the following: 

Theorem 1.1. Suppose that the nonlinearity f satisfies assumptions (/o) - (ft)- Then the 
problem ([4]), ([6]) admits a solution in Hl^^(U.'^ 

If, in addition, f{x,—t) = —f{x,t) for all {x,t) G x M, then the problem ([4]), ([6]) admits 
a sequence of pairs of solutions {±m„}, n G N with the property that, for some R > 0, 

(7) ||w«||_H-i(Sj,) ^ oo as n->oo. 

Some remarks seem in order. First, we note that elliptic regularity theory implies that the 
solutions given by Theorem 11.11 belongs to W^^^{R^) for all 1 < g < oo, so there are strong 
solutions of (HI) in C[q"(M^) for all < a < 1. Moreover, the restrictions of these solutions 
to M.^ \ Bji are C°°-functions, so the limit in ^ can be understood in strong sense. 
In the proof of Theorem 1 1.1[ we always work with a fixed value of R such that C Bj^. This 
gives rise to the question whether or not the variational approach for different choices of R 
produces different solutions. This question is closely linked to the explicit representation of 
the capacity operator (and its real part) derived in Section |6] below, and we will give a partial 
answer in Remark 16.31 More precisely, if i? > is fixed, then for all up to countably many 
choices oi R' > R our approach yields different solutions when R is replaced by R' . Somewhat 
surprisingly at first glance, this fact gives rise to infinitely many solutions u„, n G N of ([4]), ^ 
also in the case where / is not odd in its second variable. However, a local unboundedness 
property as in ([7]) should not be expected for these solutions. We believe that this type of 
multiplicity has to be seen as a consequence of the fact that the asymptotic condition ([6]) is 
weaker than the Sommerfeld radiation condition ([5]). 

It is natural to ask whether it is possible to relax the condition that / vanishes outside a 
compact set. We have no general answer to this question yet, but in the case where / is 
radial in x, a shooting argument yields radial solutions of ([4]), ([6]) under much less restrictive 
assumptions on /. For a precise result, see Theorem 15.21 below. We do not even need to 
assume that / tends to as r = |a:| — >■ oo. 

The paper is organized as follows. In Section [5J we will set up the variational framework 
used to prove Theorem 11.11 Here we also state key properties of the capacity operator 
and its real part Kfj in the case N > 2, but we postpone the derivation of these properties 
to Section [6] since the underlying computations — relying on special properties of Hankel 
functions — are somewhat technical. In Section |3] we then complete the proof of Theorem ll.il 
in the case N > 2. As already remarked above, a key difficulty in the proof is the validity 
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of Cerami's condition (see Proposition 13. 2|) . and the proof of this property is rather long. 
In Section [31 we also establish — under stronger assumptions on the nonlinearity — a rigid 
minimax principle with respect to families of half spaces for the solution which minimizes the 
corresponding energy functional among all critical points, see Theorem 13.51 We conjecture 
that this minimax principle gives rise to additional properties of the corresponding (ground 
state) solutions. This will be considered in future work by the authors. Section H] contains a 
sketch of the proof of Theorem II. II in the one-dimensional case. This case is much easier than 
the case N > 2, but has to be treated slightly differently. Section [S] is devoted to the radial 
case. As pointed out already, we will apply a shooting argument to prove the existence of 
infinitely many radial solutions of ([4]), (l6|) under much less restrictive assumptions on /, see 
Theorem 15.21 Finally, as noted above, in Section |6] we derive key properties of the capacity 
operator Tr and its real part Kr. We note that some of these properties are well known 
(see e.g. [H] for the case = 3), but we could not find an appropriate reference for general 
N >2. Moreover, it seems that the operator Kr has not been studied in the degree of detail 
which we need for our purposes. 

2. The variational framework 

We assume that > 2 in the next two sections, referring to Section |4] for the case A^ = 1. 
In this section we will introduce the capacity operator and develop a variational framework for 
problem ([4]), (|6]). We start by fixing some notation. Let i? > be such that fl C Br, where 
Br := Br{0) is the open ball with radius R centered at zero. We also set Er ■=R^ \Br 
and consider the space 

H^R [u e HUEr,C) : ^^^^ ^ L'{Er,C), j^^^ ^ L^Er^C^), 
(8) —-ikueL\ERX)j, 

where — here and in the following — r always denotes the radial variable, i.e., r = |a;|. It 
is known (see [12] for the case A^ = 3 and Section [5] below for general N > 2) that for every 
u G Hi{SR,C), Sr := OBr, there exists a unique weak solution w G of the problem 



(9) 



Aw + k^w = in Er, 



I w ^ u on Sr. 

Here weak solution means that trace(u)) ~ u £ H^{Sr, C) and 

/ (Vw ■ Vip - k'^wip) dx^O for ah ip G CI{Er). 
Jer ^ ' 

where C\{Er) denotes the space of C^-functions with compact support in Er. We then define 
the capacity operator (or Dirichlet to Neumann map) 

(10) Tr:H^Sr,C)^ H-^Sr,C), TRU=^eH--2{SR,C) 

Of] 

where w G is the unique solution of (jH]) corresponding to u G {Sr,C) and rj denotes 
the normal unit vector field on Sr pointing outside Br and inside Er. 

As shown in [1^1 for the case A^ = 3 and detailed in Section [5] below for general N > 2, the 
operator Tr : H^I^Sr^C) — > H^2(^Sr,C) is continuous, and suitably normalized spherical 
harmonics (when considered as functions of spherical angles) form an orthonormal basis of 
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eigenfunctions of Tr. The operator Tr is not symmetric and therefore does not give rise to 
a variational formulation of our nonhnear problem given by (U) and Therefore, we set 
H^Sr) = H^Sr.R), H-i{SR) = H-i{SR,R), and we let 

(11) Kr : H^Sr) ^ H-^Sr), Kru = Re[TRu] 

denote the real part of the restriction of Tr to Hi{SR). This operator can be seen as the 
Dirichlet to Neumann map corresponding to the problem ^ with real data u on Sr and 
solutions w given as a real part of a function in Hj^. The explicit calculations of w in terms 
of u in Section |6] below immediately imply that w satisfies the asymptotic conditions ([6|) . 
Moreover, the operator Kr has the following properties. 

Lemma 2.1. The operator Kr is bounded, symmetric and negative definite. More precisely, 
there are constants Jr > and Tr > such that 

Sr -J Sr 



(12) \\Kru\\^_i^^^^<Tr\\u\\^i^^^^ and / uKRuda<-jRl u da 



for all u E Hi (Sr). Moreover, 

(13) / vKRuda= / uKRvdcr for u,v E (Sr). 

We postpone the proof of this lemma to Section IH] below. Setting X :— H^{Br), we now 
recall the standard estimate 

2 J„ ^ „ I IV7„,|2 I „ / „,2 



(14) / u^dx<cl \Vu\^dx + c da for m e X 

^Br <J B r '^Sr 

with some constant c ~ c{R) > 0, see e.g. [351 Theorem A. 9]. Moreover, we consider the 
bilinear form 

(15) Bk-. X X X ^R, Bk{u,v)^ j {yu ■ Vu - k^uv^ dx - vKru da. 

J Br Sr 

From (|12p and (fTl|) . we easily deduce the following 

Corollary 2.2. Bq defines a scalar product on X = H^{Br) which is equivalent to the 
standard scalar product, i.e. the corresponding norms are equivalent. 

We also set Bk{u) := Bk{u,u) for w € X in the following. In the next lemma, we collect 
key facts concerning Bk and the (nonlocal) eigenvalue problem 

{—Alt — Xu, in Br, 

— = Kru on Sr. 

or] 

Lemma 2.3. (i) The eigenvalue problem (|16l) admits an unbounded sequence of eigenvalues 
< Ai < A2 < ... and a corresponding system of analytic eigenfunctions Cj , j (z N which is 
complete in X. 

(a) There exists a scalar product (•,•) — equivalent to the standard scalar product on X = 
H^(Br) — and an orthogonal splitting X — X~ X^ X^ such that 

Bk{u) = - \\u-\\^ for all ueX, 
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where || • || = is the induced norm, and u^,u'^ denote the corresponding orthogonal 

projections of u onto X^, X'^ , respectively. More precisely, 



X = spanjej : j < j,}, X^ = spanjej : j» < j < j*} and X^ — spanjej : j > j*}, 

where j„ := inax{j G N : Xj < k^} and j* := mm{j G N : Aj > k^}. In particular, X^ and 
X^ are finite dimensional. 

(Hi) The family Cj, j E N is orthogonal with respect to the scalar products (•, Bq and the 
scalar product of L^{Bji). 

(iv) There exists a countable set T> C (0, oo) such that X^ ^ {0} if and only if R E T>. 

Proof, (i) We first consider H^{Bj^) with the equivalent scalar product Bq. Since Kn is neg- 
ative definite, all eigenvalues of must be positive. Hence u G H^{Bfs) is an eigenfunction 
of corresponding to A G R if and only if A > and u is an eigenfunction of the operator 
K e C{X) defined by 



(17) Bq{Ku,v) — j uv dx ioi u,v G X 

Jbr 

corresponding to the eigenvalue j. The operator K is bounded, symmetric with respect to 
Bq, nonnegative and compact, since the embedding X ^ L^{Bji) is compact. Moreover, is 
not an eigenvalue of K. Hence K admits a sequence of positive eigenvalues Mi > ^ •■• such 
that fij — !• as j — > oo, and a corresponding complete system of So-orthogonal eigenfunctions 
Bj, j S N. Assertion (i) now follows with Xj — ^ , j E N and the family {ej : j E N} thus 
obtained. 

(ii) For u E X, let u^,?/'' denote the L^(i?fl;)-orthogonal projections of u onto the subspaces 
X^, X^, respectively, as defined in the assertion. For u,v E X , we define 

{u,v) ^Bk{u+,v+)-Bkiu-,v~)+ I u"v°dx. 



It is easy to see that this scalar product has the desired properties, and by construction the 
splitting X — X~ ® X^ is orthogonal with respect to this scalar product. 

(iii) The ;Bo-orthogonality of the family {cj : j E N} has already been shown above, and the 
-^^(-Bi?,)-orthogonality then follows from ([T7| . From this, the orthogonality with respect to 
(•, •) immediately follows by definition. 

(iv) This part, which relies on special properties of the capacity operator and Hankel functions, 
will be proved in Section [6] below. □ 

We now consider the functional 

(18) <i>:X^R, <i>{u)^^Bk{u)-^{u)^^{\\u+\\'-\\u-\\^)-^iu), 

where (p{u) = Jg^F{x,u{x)) dx for u S X and F{x,t) — f{x,s) ds for t e M. It is well 
known that (p E C^{X,M.) as a consequence of assumption (/i), and 

(19) (p is nonnegative on X 

by (/a). Moreover, the critical points of $ correspond to restrictions to Bfj of solutions of 
(HI). Indeed, if u e X is a critical point of $, then 
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for every w € X , hence m is a weak solution of the problem 

{—Am — fc^Ti ~ f{x, u) in Bji, 

— = Kru on Sr. 

As explained in Section [Bl extending u by the real part of the unique solution of © in H'^ 
then yields a solution of ([5]). 

3. Proof of Theorem II. II 

Using Lemma 12.31 (iii) and (iv), we will assume in the following that i? > is chosen such 
that X'^ = {0}. This restriction is only made in order to simplify the proofs, whereas all 
results can still be proved — with additional effort — in the case where X^ has positive 
dimension. 

We first collect useful facts about the functional $ defined in (fT8|) . For this we recall the 
following well-known consequence of (/i) and (/2): 



(21) Ve>0, aCe >0 such that \f{x,u)\ < e|u| + Ce|u|^"^ for aU {x,u) £ 



!.N 



X 



Lemma 3.1. (i) There exists ao > such that inf $ > for a G (0, ao), where Sq := 
{ueX+ : \\u\\ = a}. 

(ii) Let Z he a closed cone contained in a finite dimensional subspace W of X and such 
that 

{x Cz Q : w{x) =/= 0} has positive measure for 
every w £ Z \ {0} with \\w^\\ > 
Then there exists p = p{Z) > such that $(u) < for all u £ Z satisfying \\u\\ > p. 



Here and in the following, a set Z C X is called a cone ii \x £ Z for every x £ Z, X > Q. 
In particular, (ii) applies to Z = if T4^ is a finite dimensional subspace of X. 



Proof, (i) For u £ X^ we have ^{u) = ^\\u\\ ~ <<5(^) ^-nd ip{u) — o(||ii||^) as m — > by (l2Tt 
and Sobolev embeddings. Hence the conclusion follows. 

(ii) Suppose by contradiction that a sequence {un)n C Z exists with ^(un) > for all n 
and llwrill — > oo as n — > oo. Setting w„ — uf^, we may pass to a subsequence such that 
Wn w £ W since W is finite dimensional. Since Wn £ Z and ||w„l| = 1 for all n, we have 
w £ Z and ||w|| = 1. Moreover, by ((T^ we have 

< hminf p^<l]im (||«;+|p - \\w;M') = k\\w+r ~ W^'f) 

and therefore ||w+|| > Hw^H- Hence (|22l) implies that ft^ := {x £ ft : w{x) ^ 0} has positive 
measure. Passing to a subsequence, we may also assume that w„ — >■ w pointwise a.e. in Br, 
which implies that 

|u„(a;)| = ||it„|| |w„(a;)| -> oo as n — )• oo for a.e. x £ fly 

By (/a) and Fatou's Lemma, we therefore deduce that 

$(UrO ^ lnu„+||2 _ II, -||2n f F{x,Un)^ 2 



0<^<-(||m;:||^-||m.-||^)- / ^^n^idx^-^ 
as n — > OO. This contradiction proves the claim. □ 
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To proceed with the proof of Theorem ll.il we shaU decompose the nonlinearity / as fohows. 
We write / = /i + /2, where : x M ^ M, i = 1, 2 are defined by 

' f{x,u), |u| > So, 

,2 



fi{x,u) = < 



u 



11 

— f{x, -So), - So < M < 0, 
k So 

and we put /2 = ./ — /i- Setting Fi{x, u) — /J" fi{x, s) ds, i = 1, 2 for a; G M^, u e M, we see 
that 

J2{x, u) = if X e \ or |-u| > sq; 

(23) F2(x,u) = if .X e \ f7, u e M; 

/2 and F2 are bounded on x M. 

Moreover, /i satisfies condition (/2) and the following stronger version of condition {fi). For 
every x £ M^, 

f\ (x, Uj 

(24) u H> — — ^ — is nondecreasing on R \ {0}. 

\u\ 

We decompose the functional : X — > R accordingly and write ip ~ tpi + ip2 with 

ipi{u) — / Fi(a;, u(a;)) da; = / Fi{x,u{x)) dx, i = 1,2. 
J Br Jn 

We note that (p2 is bounded on X by . The following proposition will be a main technical 
step in the proof of Theorem 11.11 

Proposition 3.2. $ satisfies the Cerami condition in X , i.e., every sequence (w„)„ C X such 
that $(uri) — > c for some c G R and (1 + ||u„||)||"I>'('u„)|| as n 00 /las a subsequence 
which converges in X . 

The proof of this proposition is quite long and requires subtle estimates. Parts of the proof 
are inspired by [17] and |16| . but we need new arguments to deal with the difficulty that the 
nonlinearity may vanish on a subset of Br of positive measure. A key role in the proof is 
played by the useful inequality 

fiix,u)[s{^ + l)u+ {1 + s)v]+ Fi{x,u) -Fi{x, [l + s]u + v) < 

for a; e R^, u, V e R and s > -1, 

which follows from Indeed, as noted in [T^, this inequality is a weak version of [?fl 

Lemma 2.2]. As a consequence of (|25|) and properties of /2, we may derive the following 

Lemma 3.3. For every K > there is a constant C — C{K) > with the following property. 
If u, s,v € M. are numbers with —1 < s < K and \v\ < K, then 

f{x, u)[s{^ + l)u + (1 + s)v] + F{x, u) - F{x, [1 + s\u + v) <C for all x G R^. 

Proof. By (|23)) there exists a constant Ci > (depending on K) such that 

|/2(x,u)| < Ci, \F2{x,u)\<Ci and \f2{x,u)sC- + l)u\ < Ci 
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for 7i G R, X e M , \s\ < K + 1. Consequently, we have 

/2(x,m)[s(^ + l)u + (1 + ■s)v] + F2{x, u) - F2{x, [1 + s\u + v) 

< Ci[l + K{K + l)]+2Ci 

for X e and u,s,v eM. with -1 < s < K and \v\ < K. Since f = fi + f2, F = Fi + F2 
and dill) holds, the claim follows with C := Ci [1 + + 1)] + 2Ci. □ 

The next step in the proof of Proposition 13 . 2 1 is the following relative energy estimate. In 
the following, a sequence {un)n in X is called a Cerami sequence for <I> if — ?> c for some 
c e R and (1 + ||u„|l)||$'(u„)|| ^ as n ^ 00. 

Lemma 3.4. For every k > there exists C ~ C{k) > with the following property. If 
{un)n is a Cerami sequence for $, and r„ > 0, w„ € , n G N are given with r„ < k and 
ll^nll < K /or a/Z n G then 

^{rnUn + Vn) < ^{Un) + C + o(l) US n ~> CO. 

Proof. We first note that, by a standard bootstrap argument using elliptic regularity theory, 
there exists a constant K — K (n) > k such that 

ll''^l|L°°(Si?.) !i K for every v G X~ with < k. 

We write r„ = 1 + s„ with -l<s„<K-l<iir and set w„ = r„M„ + w„ = (1 + 
for n e N. Then 

$(u;„) = i[6fc(w„) -6fe(u„)] + / (i^(a;,M„) - i^(a;,w;„))da; 



= ^([(1 + Snf - l]Bk{Un) + 2(1 + Sn)Bk{Un, Vr^) + Bk{Vn)) 



+ / {F{x,Un) - F{x,Wn)) dx 



^^^"^^ + 'BfclMn, + l)Mn + (1 + s„)u„) + / (F(a;, u„) - i^(a:;, w„)) 



2 2 



< Sfc(w„,S„(^ + 1)W„ + (1 + SfOl'n) + / {F{x,U.n) - F{x,Wn))dx 

Since {un)n is a Cerami sequence, ||w„|| < k and |s„| < K + I for all n, we have 
s Is 

Bk{Un,Sn{^ + l)Un + {I + Sn)Vn) - / /(x, U„) [s„(-;^ + l)u„ + (1 + S„)w„] 
= $'K)(s„(y + l)u„ + (l + S„)w„) 

< ci||$'(m„)||||u„|| +c2||$'K)|||lf„|| = o(l) 
as 71 — > cx) with constants ci, C2 > (depending on X). Consequently, 

$(w„) -$(«„)< / /(2;,u„)[s„(^ + l)u„ + (l + 

"'-Br ^ ^ 

+ F{x, Un) — F{x, Wn)j dx + o(l). 

Choosing C = C{K) as in Lemma [3. 3[ we conclude that 

<i>(w„) - $(u„) < |Bfl|C + 0(1) as rn> 00. 
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Hence the assertion follows with C = \Bji\C +1. □ 
We may now complete the 



Proof of Pror)osition \3 .A Let be a sequence with the assumed properties. We first 

show that {un)n is bounded in X . Assuming by contradiction that this is false, we may pass 
to a subsequence — still denoted by (u„)n — such that ||un|| — > oo as n — )■ oo. Setting 
Wn '■= 11^" I I , we may assume, passing again to a subsequence, that Wn w weakly in X for 
some w & X, Wn — >■ w in L'^(Bi^) for all 1 < g < 2*, and w„ — ?> w pointwise a.e. on Bn as 
n — >■ oo. Moreover, we have weakly in X and w~ — >■ w~ strongly in X as n — >■ oo, 

since is finite-dimensional. Passing to a further subsequence, we may also assume that 
Ijui.^ll — > s > as ri — > oo for some s > \\w^\\. Since 

by (HH), we find that 

(26) llw^ll < s. 

Hence, f — \\wn\\^ — + s"^ + Hw^jp < 2s^ as n — ^ oo, indicating that s > 0. 

Next we suppose by contradiction that 

(27) w = a.e. on Q. 
which implies that 

(28) ip{twn) — > as rn> oo for ah t > 0. 
We claim that there exist t > and Vn E X^ , n E N with 

(29) < 1 and <i>(tw„ + Vn) > c + C + 1 for n sufficiently large, 

where C — C(f) is chosen as in Lemma 13.41 corresponding to k = 1. To prove this, we have 
to distinguish different cases. We first note that 

^{twn) ^ —{s'^ - Ww^W'^j + o{l) asn^oo 

for every t > by ([^5]) . Hence, if ||w^|| < s, we can find < > such that 

^(twn) > c + C + 1 for 71 sufficiently large, 
and therefore ((29)l follows with w„ = for every n. 

Next we consider the remaining case \\w~\\ = s, and we note that for every t > we have 
twn + w+ tw + w+ in L''{Bii) for all f < g < 2* and also pointwise a.e. on Bj^. Hence 

(30) fitWn + W^) ip{tw + W^) = ip{w^) 'AS n ^ oo 

for alH > by ^7}i. Consequently 

^tWn + W+) - i[s2(< + 1)2 - t^s^] - ip{w+) + o(l) = s'' {t + ^) - (^(u;+) + o(l), 

so that there exists i > such that 

^{twn + > c+ C + 1 for n sufficiently large. 
Again, (|29p follows with i+1 in place oft and i;„ ~ since twn + w^ = {t+\)wn~Wn foi' 



every n. Next, fixing t > and w„, n e N such that (|29p holds, we write iui„ + f„ = s„w„-|-W' 
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with s„ = u^p^ for every n, so that < s„ < 1 for large n and ||v„|| < \\wn\\ = 1- By 
Lemma 13. 4[ we therefore have 



^{tWn + V„) = $(S„U„ + Vn) < $(m„) +C + o(l) 

as n — >■ oo, which contradicts (|29p . The contradiction shows that (|27p is false, and therefore 
the set fiiu := {x E il : w{x) ^ 0} has positive measure. Moreover, 

|wn(a;)| — \\un\\ \wn{x)\ — > +00 as n — > oo for almost every x G flw 

Hence, Fatou's Lemma, the L^-convergence w„ — > w in Bji and (/s) imply 



^ "n — rr? - t; , ' .n" |wn| dx -oo, 



as n — )■ (X), a contradiction. The contradiction shows that {un)n is bounded in X. Therefore, 
we can find a subsequence — still denoted by (u„)„ — and some u X such that Un ^ u 
(weakly) in X , Un ^ u in L'^{Bji) for all 1 < g < 2* and Un{x) — t- u{x) for a.e. x e 5^. As a 
consequence of ((2T|) . there holds 

(/(.T, u„) — /(x, u)){un — u) dx as n oo. 

Hence, 

So(Mn - w, ii„ - u) = - $'(u))(u„ - m) + fc^ / (u„ - u)^ dx 



Br, 



JBr 

{f{x, Un) - /(x, u)){u„ -u)dx 0, 

as n — )• cx). It follows from Corollary [22] that u„ — >■ m strongly in X. The proof is finished. □ 

We may now complete the 

Proof of Theorem \l.l\ (Case N >2). The existence of a nontrivial solution follows from a 
variant of the classical linking theorem where the Palais-Smale condition is replaced by the 
Cerami condition [?J Theorem 2.3]. To see this, we proceed as follows. Considering the 
sequence of eigenfunctions {ej)jf^^ of (|16p given by Lemma l2.3[ we set u — Cj- £ X'^ and put 

Qp -.^ {tu + v : V e X^, \\v\\ < p, < t < p} for p > 0. 

Note that the sets Qp are contained in the finite dimensional subspace W ^ X^ Q) Ru C X. 
Since every function in W is analytic in Br, Z := W satisfies condition (|22|) . Using Lemma 
I3.1f ii') and the fact that $ is nonpositive on X^ hy (jl9|) . we thus find that 



sup $ = for p > sufficiently large. 

According to Lemma l3.ir i). we may further choose a > sufficiently small such that the sets 
Sq and dQp link and inf <i> > (see e.g. [25] or ^ Section 2] for the notion of linking of 

sets). Finally, we have sup<i> < +oo by the compactness of Qp. Taking Proposition 13.21 into 

account, we can apply the linking theorem and obtain that $ has a nontrivial critical point 
u G X such that 

< inf $ < $(u) < sup 
Qp 
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Let US now assume that f{x, —t) = —f{x, t) for all {x, t) € x R. In this case, a variant of 
the Fountain Theorem of Bartsch (see [SI [7] and [301 Theorem 3.6]) yields the existence of a 
sequence of pairs {±u„}, n e N of critical points of $ such that 

(31) ^{un) — > OO as n — > oo. 

More precisely, we use a version of the Fountain Theorem where the Cerami condition is used 
instead of the Palais-Smale condition. To see that such a variant exists, it suffices to note 
the validity of a deformation lemma giving rise to Cerami sequences instead of Palais-Smale 
sequences. Such a deformation lemma has already been established in [H Theorem 1.3]. In 
order to check the other assumptions of the Fountain Theorem, we remark that X — ^ Rcj 

where {&j)jen is given by Lemma 12.31 ^1). We set 



Xj = Me^, Y, = and Zj = 



for j G N. Since every function in Yj is analytic, we see from Lemma I3.1f ii) — applied to 
Z — Yj — that for every € N there exists pj > such that $(w) < for u G Yj with 
\\u\\ > Pj. It only remains to check that for some sequence {rj)j C (0,oo) 

(32) inf{(f>(w) : u E Zj, \\u\\ = rj} — >■ cx) as j — oo. 

This will be proved by similar arguments as in [301 Theorem 3.7]. Indeed, if j > j* , then 
Zj C X+ and therefore, by ([21]), 



^u)^^\\uf- F{x,u)dx>^\ 



(33) > L|^||2_^^P|,^|JP forueZ,, 

4 p 

where 

1 \\uP 

^^0 '™ IUJI2 > '■= sup{lkllLp(s„) : " e Zj, \\u\\ = 1}. 

z uex\{o} \\u\\j^2(B^) 

Since {(3j)j C [0,oo) is a decreasing sequence, (3 :— lim /Sj exists. Moreover, for each j we 

can find some Uj € Zj such that \\uj\\ ~ 1 and (3j > ||itj||Lp(Sji) > From the definition of 
Zj we obtain that Uj (weakly) in X and the compact Sobolev embedding X ^ LP{Bji) 
then gives Uj — > in LP{Bji). Thus, /3j — as j — ^ oo. Choosing rj = {20^0^)^^^ we obtain 
from (O that 

,1 _ J_ 

Since Vj — ^ oo as j oo, the assertion follows. Moreover, since $ is bounded on bounded 
subsets X — H^{Bii), ([3T|l implies that \\un\\m(Bii) — >■ oo as n — oo, as claimed in 
To conclude the proof of Theorem ll.il we remark that if w is a critical point of $, then the 
restriction of u to Sr belongs to H^(Sr) and there exists a unique weak solution w of ([9]). 
Therefore, extending u on by setting u = Re(w) on Er, we see that u € Hl^^CR^) is a 
weak solution of Furthermore, since wje^ = ^{w + w) and w satisfies ([5]), we find that u 
satisfies the condition □ 



$(u) > r|(- - — ) for all u £ Zj with ||u]| = rj. 
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We close this section with an observation on a rigid minimax characterization of the ground 
state energy level (i.e., the least energy of a nontrivial critical point of $) in the case where 
(/4) is replaced by a stronger condition. 

Theorem 3.5. Suppose that the nonlinearity f satisfies (/i) — (/a) and the following stronger 
version of (/4).' For every x G M^, 

f (X ^ lil 

(34) u I— > — j— — is nondecreasing on M \ {0}. 

Then the ground state energy level 

c ;= inf{$(M) : u nontrivial critical point o/ $} 
is positive and equivalently given by 

c = inf sup ^{tu + v) 

uex+\{o} t>o,vex- 

Moreover, c is attained within the set of nontrivial critical points of^, i.e., within the set of 
nontrivial solutions of (j20p . 

Proof. Let w be a nontrivial critical point of $. Then u ^ ^ since otherwise 

/ f{x, u)udx ^ Bk{u) = -WirW"^ <Q 

J Br 

contrary to (|34p and (/2). Next we claim that 

(35) $(m) > ^(w) for every w e + R+u = X^ + R+m+. 

Indeed, similarly as in the proof of Lemma 13.41 we have, for w — {\ + s)u + v with s > —1 
and V £ X~ , 

^(w) - ^{u) < Bkiu,s{^ + l)u+ {1 + s)v) + / {F{x,u) ~ F{x,w))dx 
2 Jbr 

= / (f{x,u)[s{- + l)u+{l + s)v]+F{x,u)-F{x,w)\dx. 

J Br V 2 / 

Moreover, the last integral is nonpositive since, as a consequence of the inequality (1^51) 
holds for / in place of /i. Hence ([55)) is true. Putting 

c* — inf sup ^(tu + v), 

uex+\{o} t>o,vex- 

we thus infer that c > c*, whereas Lemma [3.1( 1) implies that c* > inf $ > for some a > 0, 
where :— {u G X+ : ||u|| = a}. 

Furthermore, c is attained among nontrivial critical points of $. Indeed, if {un)n is a sequence 
of critical points of $ with <I>(u„) — ?> c, then by Proposition 13.21 we have u„ uq in X for a 
subsequence, where uq is a critical point of $ with ^(uq) = c > 0, and therefore uq ^ 0. 
It remains to show that c < c*. For this, let u E X^ \ {0} be such that 

(36) sup ^{tu + v)<oo 

t>o,vex- 

Let Z := {tu + V : v £ X^, t > 0}. We claim that condition (|22l) holds for this set Z. 
Suppose by contradiction that this is false, i.e., there exists w £ Z \ {0} with ||w+|| > \\w^\\ 
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and such that w = a.e. on fl. Since ||w+|| > 0, we then find 

<i>{tw + w+) = ^(^it+lf\\w+f-t^\\w-f^ ~ip{w+) 

> (*+ - (p{w+) oo 

as t —?' oo. This contradicts (1551) . since tw + — {t + + tw^ e Z for every t > 0. The 
contradiction shows that condition (1221) holds for Z. Since is a closed cone contained in 
the finite dimensional space © Ru, Lemma IS-lT ii) implies that there exists p > with 

(37) sup4> = for Qp := {tu + v : V e \\v\\ < <t < p}. 

dQp 

Applying the linking theorem (51 Theorem 2.3] exactly as in the proof of Theorem 11.11 with 
the present choice of Qpj we obtain a nontrivial critical point u of $ with 

<i>(u)<max$< sup (^{tu + v). 

Qp t>o,vex- 

We thus conclude that c < c*, so equality holds and the proof is finished. □ 



4. The one-dimensional case 

In this section we sketch the proof of Theorem 11.11 in the case = 1 which has to be 
treated shghtly differently. Note that for i? > we have Br — {—R,R), Sr := {—R,R} 
and Er = (— oo, —R) U {R, +oo), and consider the space as defined in (|8]). For a given 

w" + k'^w = in Er, 

w — u on Sr 



function u : Sr — > C, it is easy to see that the unique solution w € of the problem 



(38) 

is then given by 



w{x) 



u(-i?)e-''^(^+^) for X < -R, 

u{R)e'^^''-^'^ for x>R. 



Hence the capacity operator Tr is simply given by \Tru\{R) = iku{R) and 
\Tru\{—R) = iku{—R) for any function u : Sr — C, and thus its real part Kr, as defined 
in (jlip . is zero. In particular, the second inequality in (jl2p is not true if A = 1, and also 
CoroUarv 12.21 does not hold in this case. On the other hand, the quadratic form Bk defined 
in (fTSjl is simply given by 

Bk{u,v)^ {u'v' - k^uv)dx, u,veH\-R,R), 
J-R 

and pop reduces to the homogeneous Neumann eigenvalue problem 
(39) -u"^Xu in(-i?,i?), u'{±R)^0. 



As a consequence, the properties listed in Lemma 12.31 are well known and easy to check in 
the case A^ = 1. Furthermore, the inner problem ([20l) reduces to 

( -u" - k'^u^ f(x,u) in (~R,R), 

(40) J , ' ' y ^ h 

^ ' \ u'{±R) = 0, 
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and solutions of (j40|) correspond to critical points of the functional 

<i> : H\-R,R) ^R, $(u) = iy" (^{u')^ - k^u^^ dx - J F{x,u) dx. 

Since the structure of $ is the same as in the multidimensional case, the proof of Theorem ll.il 
can be finished exactly as detailed in Section [3] In particular, the one-dimensional analogues 
of Lemma 13.11 and Proposition 13.21 are valid. 

In addition, we remark that, by exactly the same proof, Theorem 13.51 is also true in the 
one-dimensional case. 

5. Existence of radial solutions 
For iV > 2, we look for radially symmetric solutions of 

(41) - Au- k^u = f{\x\,u), xeM.^, 
where k > 0, and / satisfies the following assumptions 

(ffi) / G C{[0, oo) X E) with /(•, 0) = 0, and / is locally Lipschitz continuous with respect 

to M e R. 

u 

(32) < F{r,u) < i/(r, u)u for aU {r,u) e [0,oo) x R, where F{r,u) = J f{r,s)ds. 



(gs) For every uGR, F{-, u) e C^{0, 00) with drF{r, u) < for all r > 0. 
Setting u{x) = u{r) with r = \x\, we can rewrite (j4ip as 

(42) - u" - ^^^—^u' - k^u = /(r, u), r > 

r 

and we shall look for solutions of class of this equation which satisfy u'(0) — 0. 

The following local existence and uniqueness result (in a singular setting) is well known, 
see e.g. [291 Lemma 3.1] for a proof. 

Lemma 5.1. For every a e R, there exists e > such that the initial value problem associated 
to (|42|) . ii(0) — a and u'{0) = has a unique solution u G C^([0,e),R). 

Using properties (52) and (33), we now continue the local solution given by Lemma l5. II to 
a global solution on R+ and analyze its asymptotic behavior. 

Theorem 5.2. Let f satisfy (gi) to (33). Then for every a G R, there exists a unique radially 
symmetric solution of ()4ip . u — M(|a;|), u € C^([0,oo),R) satisfying u{0) — a and u'{0) = 0. 
Moreover, 

(43) sup {r^-i {u'{rf + u{rf) } < 00, 

r>l 

SO that — identifying u{x) with u{\x\) for x G R"'^ — we have ^^"^ ^^^^"^ G L'^{R^). 
If in addition, 

(54) /(''j'") — o{\u\) as u —> 0, uniformly in r > 0, 
then u satisfies the asymptotic condition ([6]). 

Proof. Let a > 0. By Lemma [5.1) there exists e > and a unique solution u £ C^([0, 2e),R) 
satisfying (|42l) and w(0) = a, u'{0) = 0. Let [0, rp), tq € [2e, 00] denote the maximal existence 
interval of this solution. We claim that 

(44) sup r^'^{u\r)^ +u{r)^) < 00, 

r&[e,ro} 
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To see this, we use the change of variables 

N — l 

v{r) = r 2 u(r), re(0,ro), 

so that V solves 



(45) 



- v" - {e - 



(iV- l)(7V-3), N:^ iv-l 



4^2 



}w = r 2 f(^r,r ^ v), re (0,ro). 



We consider the C^-function r p{t) := v'(r)'^ + k^v{r)'^ on (0,ro) which satisfies 

1 (^-l)(^-3)^ 



4^2 



-w(r)w'(r)— r 2 f(r^r 2 ti(r))ti'(r). 



For r e [e, tq), we thus obtain 

(Ar-l)(iV-3) 



p(r) = p{e) + 2 
- pie) + 2 



4s2 

(A^- l)(iV-3) 
4^2 



v(s)v'{s) ds - 2j s 2 /(s,s 2 ■i;(s))u'(s) ds 



(iV-1) y s^-^{f{s,s — —v{s))s — —v{s)-2F{s,s — —v{s))}ds 
+ 2 / s'^-^drF{s,s-^v(s))ds 



< p{e) + 2e^~'^F{e,e"^v{s)) + 2 



< p{e) + 2e^-^F{e,e^v{e)) + 



(N-l){N-'d) 
4s2 

(iV- 1)|7V-3| 



v{s)v' [s] ds 



pis)ds, 



using ((72) and (53). Hence, Gronwall's inequality (see [121 Theorem III. 1.1]) gives 

AT 1 1-N (W-l)|W-3 

Pir) < [/5(e) + 2e^"iF(e, e~v{e))]e ^ for r G [e, tq). 
From this we derive (j44p . since 

r^^-^(u'(r)^ + 'u(r)^) < Cep{r) for r G [£,ro) with some constant > 0. 
As a consequence of (|44p . we find that tq = 00 and that (|43l) holds. 

We finally assume that (34) holds, and we check that the radiation condition in ^ is fulfilled. 
For this we let r > 1 and write 



r 2 \u"{r) + k'^u{r)\ = 



{N-l) f {N-l) \ 

— - — Wj 



f{r,r 2 v{r)) 



_Cw-i) 

r 2 u(^r) 



v{r) 



2^2 



(^ll.'l 



_ (iV-l) 

/(r,r 2 ^(r)) 



r 2 t;(_r) 



Since lim r ' 2 't;(r) = 0, the assumption (54) gives lim r 2 |u"(r) + fc2u(r)| ~ 0, i.e 
condition (El) holds. 



□ 



We point out that if / satisfies (51) - (54), every solution of (^Tll given by Theorem 15.21 is 
oscillatory. This follows from the fact that for every such solution u, lies in the essential 
spectrum of any self-adjoint realization of the Sturm-Liouville differential expression 



^^^_^„_/,2_(AL^-3) , firMr)) 
\ r 



+ 



u{r) 



w 
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associated to (gS]) (see [TOl Corollary XIIL7.14 and Theorem XIII.7.40]). 

6. Properties of the capacity operator and its real part 

In this section we derive key properties of the operator Tji introduced in Section [2] and its 
real part in the case N >2 (see Section [4] for the case = 1). In particular, we will give 
the proofs of Lemma [2.11 and Lemma [2T3lJiv). Part of the material presented in this section 
should be well known to experts and appears in the standard literature in the special case 
iV = 3 (see e.g. il9j). However we couldn't find the corresponding formulas for the general 
iV-dimensional case. Moreover, as already remarked in the introduction, it seems that the 
real part of the capacity operator has not been studied in the degree of detail which we need 
for our purposes. 

Let N > 2, and consider the exterior Dirichlet problem for the Helmholtz equation 

(46) <^ H \ H, 

I w ~ u on Sr, 

where A: > 0, i? > and u e Hi{SR,C) are given. Recall the space defined in which 
enforces a weak form of Sommerfeld's radiation condition. We wish to construct the unique 
solution w £ explicitly in terms of a Fourier representation of the boundary datum u. For 
this we let A5 denote the Laplace-Beltrami operator on the unit sphere 5*1 C M^, so that 

We recall (see e.g. [24l Corollary 2.3]) that the linear span of the spherical harmonics (i.e. 
restrictions to Si of harmonic polynomials on M.^ with complex coefficients) is dense in 
L^(S'i, C). More precisely, denoting by T-Lf the space of spherical harmonics of degree £ S Nq, 

then df := dim^f = %^+t2) (^^/"') if ^ > 1> < - dimH^ = 1, and span Q is a 

dense subspace of i^(5i,C). Furthermore, according to (|T7|) . every nonzero G T-Lf is an 
eigenfunction of Ag: 

(48) Asyi +t{N + i- 2)yi, = in 5i 

see |11[ Theorem 3.2.11]. Moreover, starting from the orthogonal bases {1} of T-Lq and 
{e*^^, e"*^''} of 'Hf, ^ > I, [0 — 9{xi,X2) = sgn(a;2) arccosxi) we can inductively construct, 
according to [TTJ Lemma 3.5.3], orthogonal bases of {yf, . . . ,3^^n}, ^ G No for all N >2, 

with the property that for each element y in such a basis, the element y also belongs to this 
basis. 

Proposition 6.1. For u e H^[Sr) given by the expansion u{R£_) ~ J2 ^ "m3^m(C); C G 
Si, the problem (j46p has a unique solution w G H'j^ given by 

(49) ' -rryf^ E "™^™(^) forr>R,ieSiandx = ri, 

where, here and in the following, !/£ = £+ ^^2^^^ for £ G Nq and H^^^ are the two Hankel 

functions (or Bessel functions of the third kind) of order v (see e.g. [28, §3. 6] J. 
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Proof. We start by rescaling the space variable x to Setting 'w{x) = v{^), the problem 
becomes 



(50) 



Av + {kRfv = in El, 

V = uji on 5*1, 



where Uf!,{£,) = u{R£_), ^ G 5*1. We first remark that w e i?^ if and only if v belongs to the 
space 

(51) ^-ikRu^L^{Ei,C)y 

We will therefore seek solutions in this space, of the form v^{x) — fe{r)y^{S,) for some 
£ G No, 1 < TO < df . Using (|47)) and p8|) . we may rewrite (|50l) for functions of this form to 
obtain 

= in'ir) + + {{kRr - ^^^^^^) Mr)}yL{o- 



N~2 



Setting gi{s) = (^) 2 /f(^), we find 



1 r (£+iV^)2] 
(s) + -<?;(s) + <^ 1 - ^- -^U,(s) = 0, s>0. 



s 



which is Bessel's equation with parameter = £ + ^ ^ ^ . Its general solution is given by 

5(5)=AffW(s) + Bi/(2)(,)^ 

where A,B and Hi^\ H^^^ are the two Hankel functions of order v. Now, we observe 
that the Sommerfeld radiation condition, given as the third condition in the definition of the 
space -ffffcfl in (|5ip . can be rewritten in the form 

s-i|2As[(i/(i))'(s) - zi/(i)(,s)] - A{N - 2)Hl}\s) 

kR 

+ 2Rs[(i/(2))'(s) _ ii/(2)(s)] _ B{N - 2)Hl^\s)\^ds < 00. 
Using the recurrence formula (iJ^''-')'(s) = —HI^^s) — h'^^^-^{s), p = 1,2, we obtain 

-^2As[Hl1,is) + iHl'Hs)] +AiN-2- 2iy)Hl'Hs) 



00 

s~ 



(52) + 2Bs[hI%{s) + (g)] ^ _ 2 _ 2iy)i7^2) I ^ < 00. 



/fci?. 

According to [551 Formulas 7.2 (1) and (2)], the asymptotic behavior of Hi^\s), p = 1,2, is 
given by 

i7(i)(s) = ,/Ae»(«-2^-) [1 + 0(^-1)], i/(2)(,s) = ./Ae-(-2i^-)[i + 0(s-i)]. 

V TTS V TTS 

As a consequence, 

\H!fHs)\^s-H^+Ois-')} for 1,2, 
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and 

s\Hl'^,is)+zHl'Hs)\^Ois-^), s\Hl%{s)+zHi'Hs)\=si[2^+0{s-% 

Thus, ([5^ can only be satisfied, if i? = 0. We conclude that a function in H'^ of the form 
^m(^) — /f(^)^m(C) is a solution of the differential equation in ((50| if and only if it can be 
written as 

vl{x)^Ar-'^H^^XkRr)yl{0 



for some A <E C with vg = I ^ ^r^- Since Ufl(^) = ^ "m3^m(0: ^ solution of the 

1=0 m=l 



boundary value problem (j50p is thus given by 



.(x) = f^r-^ %T^^ E "13^1(0 for r > 1, ? e 5r and x = r^. 



£=0 



Rescaling back, we thus obtain the formula (|49|) for the (unique) solution w € of (|46p . □ 

The formula (|49l) gives rise to the following expression for the capacity operator Tr : 
Hi{SR,C) H~^SR,C) (see [IH] for the case N = 3): 

(53) [Tnu] {RO = E (^^) E ) ' ^ ^ 

^™ 

for w e H2{Sr,C) given by w(i?0 = E E "m3^m(0, C € ^i, where 

r£Hl]\r) N-2 

We need some estimates for the coefficients z^(r). For this we recall that 



iJ^i) = + iY^, and = _ jy-^ ^ //(i) for ^ R, 

where Ji, and Y^i/ denote the Bessel functions of the first and second kind. Setting d, (r) 
1 for r > 0, e M, and wc then see that 



(54) Rc G,(r) = 



\H^^\r)V 2 |i/W(^)|2 2 Jl{r)+Y^{r) 



(55) Im G (r) = ^^^<H^'\^)i-A'\r)) ^ r{Mr)Yl{r) - JUr)YAr)) 

We need the following estimates (see [TO] for the case = 3): 
Lemma 6.2. For r > and I > max{0, ^3^} we have 

(56) ^^2^^^ <-RezeXr)<e + N-2 

(57) < Im zi>{r) < r. 

In the case N = 2, we also have < —Re zo(r) < i and Im ZQ{r) > for all r > 0. 
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Proof. We first prove ([56|) . According to [28l §13.74], we have 

(0 T-(^' W + W) < for r > 0, e R, 

^ r < if > i 

(iz) _r(j2(r)+lf(r))<| for r > 0. 



>0 ifi^<i 



From (i) we obtain Re G^{r) < for all r > 0, u e R, and (ii) gives Re Gi,{r) < —\ for r > 0, 
J/ > i. Moreover, (ii) implies ReGi (r) = — ^ for r > 0. Now, using the recurrence formula 

i:Hi^\r) - i?i'Ji(r) - wc find that 



|il(i)(r)|2(Re G,(r) + = Re(ri7ii)(r)|-i7(i) W + ^\Hi'\r)\' 

= rRe(^HFw^ri'Ji(r)) = rRc(^Hj^i7(i)(r)) 

= -|4-\Ml'(ReG.-i(r)-(^-l)). 

Since Re Gu{r) < holds for all i^, the previous formula gives Re Gi,{r) > —v for all v >1. 
Summarizing, we have shown 

-z^ < Re Gi.(r) < -i, r>0 for e {i} U [1, cx)). 

This shows (1551) . since (r) = Gg ^ w-2 (r) — In the case = 0, we have — | < Re Go(r) < 

for all r > 0. Hence, when = 2, wc obtain —\<zo[r)<0 for all r > 0. 
We now turn to the proof of ([ST)) . Using ([55)1 and the fact that 



W(J„y,;r) J.(r)y;(r) - Jl{r)Y,{r) = — for G K, r > 0, 

7rr 

(see [H §3.63 (1)]), we find that 

Im G,(r) = '^^(^^^'^'-i'^) = > for e R, r > 0. 

Furthermore, using (ii) above, we see that 

r\Hi^\r)\'^> lim i|i7ii)(t)|2 = - forr>0,:/>-. 

We thus obtain Im G^{r) < r for r > 0, > i. As before, ([571) follows from the identity 
z,(r) = G,+ «_2(r)-^. □ 

Recall that in Section [2] we have also introduced the operator 

(58) Kr:H-2{Sr)^H--2{Sr), Kru^Rc[Tru], 

where H^Sr) = H^Sr,R), H-^Sr) = H-^Sr,R). For u e H^Sr) given by w(i?0 = 

oo 

E E wiJi(0 we then have 

£=0 m=l 

oo 

(59) ^fl" = ]^ E Re(z,(fci?)) ^ u^^J^i, 

£=0 m=l 
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since J2m=i''^myrn ^ ^ ^o^' every ^ e Nq. With the help of Lemma we may therefore 
easily complete the 

Proof of Lemma \2.1\ We first note that, for s e R, one may define an equivalent norm on 
H^iSR^C) by 

OO Ctf 

£=0 m=l 
^™ 

for u e H2[Sr,C) given by u{R^) — J2 ^ ^m3^m(C)- Hence, by ((5^ and ((57)) . the capacity 

1=0 m=l 

operator Tr : H2(^Sr, C) — >■ H~2(^Sr, C) is bounded, and thus ii'i? defined in (f58| is bounded 
as well. In particular, the integrals on both sides of (fT3|) exist, and by (|59p and the orthog- 
onality of spherical harmonics (corresponding to different values of £) they coincide. Finally, 
the second inequality in (|T2t also follows, by orthogonality, from (|59l) and the estimates in 
Lemma 16.21 □ 



Next, we study the eigenspace of the eigenvalue problem ([T6| corresponding to the 
eigenvalue A:^, and we complete the 

Proof of Lemma lKW iv) ■ Recall that u E X'^ if and only if u solves 

{Au + k'^u = in Br, 

du 
-=v on Sr 

with V — Kru on Sr. Put, as before, vi = i + ^^-^ for £ e No. In the case where for all 
£ e No, \ r^^ Jui{kr)\ ^ 0, the inhomogeneous Neumann problem has — for 
given V £ H^'s{Sr) — the unique solution 

£=0 ^ kJl^ {kR) (fci?) 

OO 

where the coefficients are determined by v{RS) = ^m3^m(0- particular, the 

£=OlTl=l 

restriction of u to Sr satisfies 

,N 



=om=i kJ[,^{kR) Jvi{kR) 

If, in addition, u = on S'/j, then by (|59p we have 

^ Ij^g I kRiHi]\kR} N-2\ ^ ^ 



Jl^ {kR)J,, (kR) + Yl^ {kR)Y,, {kR) AT - 2 



Ji^{kR)+Yl{kR) 2kR 
and therefore 

, J,,{kR) ( Jl^{kR).J,,{kR) + Yl^{kR)Y,,{kR) N-2 



(kR) - ^J^. (kR) V Jl (kR) + {kR) 2kR 
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for £ G No, 1 < m < d^. This gives for each £ € No the alternative 

= for aU 1 < m < or Y^, (kR) = 0. 

We may now finish the proof by setting 

V := Ir>0 : 4- (r^J^Akr)) = or Y^JkR) = for some £ e Nq] 

I dr \ I r=R J 

Indeed, since Ji^^ and are analytic functions on (0,oo) for every £ e No, the set V is 
countable. Moreover, for R £ (0, oo) \ V and u G X° we conclude — for all £ £ No, 
1 < TO < d^and therefore u = 0. □ 

We close this section with a partial answer on the question asked in the end of the intro- 
duction. 

Remark 6.3. In our variational framework for proving existence of solutions, the parameter 
R > was always fixed. As announced in the introduction, we come back to the question 
whether a different choice R' > R gives rise to different nontrivial solutions of (|H), ©in 
our approach. This is true up to countably many choices of R' . We now explain this in case 
N > 2, the argument in the one-dimensional case is similar but easier. Let R' > R > he 
given, and suppose that ui and U2 are solutions of the linear Helmholtz equation in Ej^ with 
the following properties: 

(i) ui = U2 on Eii>; 

(ii) Til coincides with the real part of a solution wi on En satisfying the Sommerfeld 
radiation condition ([S]); 

(iii) 1*2 coincides with the real part of a solution W2 on Ef^i satisfying ([5|); 

(iv) uilsn = wi\sn and wals^, = W2|s„,- 

Since w :— wi ~ W2 also satisfies the linear Helmholtz equation on Eni together with ([5]) and 
Re(w) = ui — M2 = on Ej^i, it is easy to see that w = Q and hence wi — W2 on Ejii. By (i) 
and (iv) this implies that Im(u;i|5^, ) = 0- Writing again 



£=0 m=l 



we have, by Proposition 16. II 

r(i) 



Wi 

£=0 



so that Im(wi|5^, ) = is equivalent to the following statement: For all € No we have 
uL, = for TO = 1 , . . . , or 



Imf ^";^,^^-^'^ ) ^0, i.e., J,^{kR')Y,^{kR) ^ J,,{kK)Y,^{kR') 



m'J{kR) 

Since the functions J^^ and Y^^ are real analytic, the latter can only happen for countably 
many R' > R. Consequently, there exists a countable set C (i?, oo) such that, if R' ^ Vn, 
we have uf^ — for £ G No and m — 1, . . . , d^ , i.e. ui|s^ = and therefore ui = 0. Hence, 
choosing R' > R such that R' ^ in place of R, we see that our approach yields different 
nontrivial solutions. 
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